
Cantor’s proof of the existence of higher infinities

Figure 1: A finite set S and its power-set P(S). If you can’t pair-up elements of sets, with nothing left over,
then they cannot be the same size.

Notation: S is any set. a ∈ S means a is in set S; and a 6∈ S means the contrary. D ⊂ S means that
set D is a subset of S (all elements in D are also in S). E.g., if S = {a, b, c} then a ∈ S, d 6∈ S, and if
D = {a, b} then D ⊂ S. |S| is the cardinality (or size) of set S. E.g., |S| = 3. P(S) is the power-set of
S (i.e., the ‘set of all subsets’). E.g., P(S) = {{}, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}. (Note
that elements of power-sets are themselves sets).

Theorem 1 (Cantor’s Theorem). The cardinality of any set S is less than the cardinality of its power set;
that is: |S| < |P(S)|.

Proof. (By contradiction):

1. P(S) contains at least as many elements as S because for each a ∈ S then {a} ∈ P(S). Since we
immediately know |S| ≤ |P(S)| then we merely need demonstrate that |S| 6= P(S).

2. Assume, as a hypothesis, the contrary; that is, |S| = |P(S)|. Then we can map every a ∈ P(S) to a
unique element b ∈ S (and vice-versa). So a (bijective) function, f , must exist such that:

(a) f maps each element of S’s power-set to an element in S (i.e., for any a ∈ P(S), f(a) ∈ S);

(b) and the mapping is unique; that is, given any two distinct elements, a and b, in S’s power-set,
then f maps each to a different element in S (i.e., if a, b ∈ P(S) and a 6= b, then f(a) 6= f(b)).

We now show that such a function cannot exist because it leads to contradiction.

3. Consider a set D that consists of elements of S that are mapped to subsets of S (i.e., elements of
P(S)) that don’t contain that element:

D = {f(a) | a ∈ P(S) and f(a) 6∈ a}.

(E.g., If S = {1, 2, 3, 4} and 1 is paired-up with element {2, 3} ∈ P(S) then 1 ∈ D.)1

1You might ask: what guarantees that the set D is not empty? The empty set {} ∈ P(S). By assumption, some element
x ∈ S must be paired-up with the empty set. In consequence set D at least contains the element x.



Figure 2: An infinite set S and its power-set P(S). If you assume you can pair-up elements of these sets,
with nothing left over, then you are led to a contradiction. So they cannot be the same size.

4. Since D is a subset of S, and therefore an element of P(S), then f also maps it to element f(D) ∈ S.
Let’s call that element d. There are two possible cases:

(a) D is paired-up with an element it does not contain, d 6∈ D, or,

(b) D is paired-up with an element it does contain, d ∈ D.

Consider case (a): If d 6∈ D then d is an example of an element that gets mapped to a subset of S
that doesn’t contain it. So d in fact belongs to D. Hence d 6∈ D implies d ∈ D.

Consider case (b): If d ∈ D then, by the definition of D, it follows that d is mapped to a subset of S
that doesn’t contain it. So d cannot be paired with D. Hence d ∈ D implies d 6∈ D.

Combining (a) and (b) yields the contradiction: D contains d if and only if D does not contain d.

5. Our initial assumption, |S| = |P(S)|, must therefore be incorrect. We conclude that |S| 6= |P(S)|. In
consequence, we deduce |S| < |P(S)|.

Corollary 1. Some infinities are larger than others. There is an infinite hierarchy of larger and larger infinities.

Proof. Define N as the set of natural numbers, N = {1, 2, 3, . . . }, where |N| =∞. Consider the power-set
of the natural numbers, P(N). By Cantor’s Theorem, |P(N)| > |N|. In consequence, |P(N)| >∞. Hence,
the cardinality of the power-set of the natural numbers is greater than the infinity of the natural numbers.
Furthermore, by repeated application of the power-set operation, we can build an infinite hierarchy of larger
and larger infinities; e.g., |P(P(N))| > |P(N)|.


