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1. A formal model of classical gravitation
Consider an economy of n sectors producing n different
commodity types. We denote v as a vector, and M as a
matrix.

q = [qi] total output of commodity i
A = [ai,j ] ai,j of i is used-up to produce 1 unit of j
w = [wi] workers consume wi of i
c = [ci] capitalists consume ci of i
p = [pi] pi is price of i
l = [li] li labour hours to produce 1 unit of i
s = [si] si is saleable stock of i
w wage rate in units-of-account per hour
π profit rate (e.g., 0.1 is 10% profit rate)
r interest rate (e.g., 0.1 is 10% interest rate)
L available stock of labour-power
αw worker propensity to consume
αc capitalist propensity to consume
mw workers’ money stock
mc capitalists’ money stock

1.1. Worker households

Assume constant returns to scale (A is fixed). The com-
position of the real wage, w, is constant but may vary in
scale, such that

w(t) =
αwmw(t)

p(t)wT w,

where αw ∈ (0, 1] is workers’ propensity to con-
sume and mw(t) is their money stock. The fraction
αwmw(t)/p(t)w

T is the quantity of real wage bundles of
composition w purchased.

The change in workers’ money stocks is the difference be-
tween income and expenditure:

dmw(t)

dt
= lq(t)Tw(t)− αwmw(t). (1)

The change in the wage rate depends on both the level and
rate of change of employment:

dw(t)
dt

= ηwl
dq(t)

dt

T
1

L− lq(t)Tw(t), (2)

where ηw > 0 is an elasticity coefficient and L is the size
of the available work force.

1.2. Capitalist households

Capitalist consumption is

c(t) =
αcmc(t)

p(t)cT c,

where c is its composition, αc is capitalists’ propensity to
consume and mc(t) is their money stock.

The change in capitalists’ money stocks is the difference
between income and expenditure. The capitalist sector has
two sources of income: interest from loans that finance pro-
duction and industrial profit (or loss) from the ownership of
firms.

Assume that firms in sector i finance their costs of produc-
tion – κi(t) = (p(t)A(i) + liw(t))qi(t) (comprising the
cost of input goods and labour given the current level of
output) – by borrowing money-capital from finance capi-
talists. Finance capitalists receive interest payments on the
money-capital currently ‘tied-up’ in production on a con-
tinuous (‘daily’) basis, at a varying, instantaneous interest-
rate r(t). The interest income from sector i is κi(t)r(t) and
therefore the aggregate interest income is

n∑
i=1

κi(t)r(t) = (p(t)A+ lw(t))q(t)Tr(t).

Industrial capitalists, as owners of firms, are subject to
profit and loss, which is the difference between firms’ costs
and revenue.

Firms in sector i have aggregate costs, κi(t), plus in-
terest payments to service the debt to money-capitalists,
κi(t)r(t). Total production costs are therefore κi(t)(1 +
r(t)).

The demand for commodity i, di(t), consists of demand
from other sectors and households, di(t) = A(i)q(t)

T +
wi(t) + ci(t). The total revenue, generated by firms in sec-
tor i, is the price of the sold output, pi(t)di(t).

We can now construct a profit function. The current profit
(or loss) in sector i is the difference between total revenue
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and total cost; that is

πi(t) = pi(t)di(t)− κi(t)(1 + r(t)). (3)

Capitalists households include both finance and industrial
capitalists. The aggregate money stock, mc(t), is aug-
mented by an inflow of profit – consisting of total interest
income and total industrial profits – and reduced by an out-
flow of consumption spending and total industrial losses.
The change in money stock is therefore

dmc(t)

dt
=

n∑
i=1

κi(t)r(t) +

n∑
i=1

πi(t)− αcmc(t). (4)

1.3. The interest rate

Marx, in Volume 3 of Capital, adopts a loanable funds the-
ory of the interest rate. For simplicity assume the stock
of loanable funds is the total money stock held by workers
and capitalists. It is easy to show that the total money stock
in the economy is constant, mw(t) + mc(t) = mw(0) +
mc(0) =M .

In consequence the available loanable funds are a fixed con-
stant which implies a fixed interest rate, r(t) = r(0). Note,
however, that M may turn over multiple times to support
very different quantities of outstanding debt.

1.4. Firms

Firms buy inputs and hire-in labour to produce output that
is sold in the market. They strategically adjust the prices
they charge and the quantities they produce in response to
market conditions.

1.4.1. INVENTORIES

Supply in general does not equal demand. In consequence,
each sector stores a stock of unsold inventory, denoted
si(t). The change of inventories equals excess supply; that
is,

dsi(t)
dt

= qi(t)− di(t). (5)

1.4.2. PRICE ADJUSTMENT

Firms raise prices when inventories shrink since buyers
outbid each other to obtain the scarce product, whereas
firms lower prices when inventories grow since firms un-
derbid each other to sell to scarce buyers. The sector as
a whole adjusts relative price in proportion to excess de-
mand, that is 1

pi

dpi
dt ∝ −

dsi
dt . This has a cross-dual form: a

quantity imbalance, represented by the change in inventory
size, translates into a price adjustment.

Assume the change in price approaches positive ∞ as in-
ventory approaches zero and the commodity is completely

scarce, that is 1
pi

dpi
dt ∝

1
si

. Combining these two factors we
get the price adjustment equation

dpi(t)
dt

= −ηi
dsi(t)

dt
pi(t)

si(t)
, (6)

where ηi > 0 is an elasticity coefficient.

1.4.3. OUTPUT ADJUSTMENT

Industrial capitalists adjust their production plans based on
profit and loss. A firm that returns a profit (resp. loss)
borrows more (resp. less) money in the market for loan-
able funds in order to increase (resp. decrease) supply with
the expectation of earning greater profit (resp. reducing
losses).

Industrial capitalists, as a whole, own a portfolio of firms
grouped into sectors that, at any time, make different profits
or losses. The profit rate in sector i, πi/(κi(1 + r)) is the
ratio of profit to costs.

Capitalists aim to maximise their profit by differentially in-
jecting or withdrawing capital based on profit rate signals.
The relative change in the scale of production is therefore
proportional to the profit rate, that is 1

qi

dqi
dt ∝

πi

κi(1+r)
. This

has a cross-dual form: a price imbalance, represented by
the profit rate, translates into a quantity adjustment. Define
the quantity adjustment equation

1

qi(t)

dqi(t)
dt

= ηn+i
πi(t)

κi(t)(1 + r(t))
, (7)

where ηn+i > 0 is an elasticity constant. Sectors with a
high (resp. low) profit rate increase (resp. reduce) their
borrowing in order to increase (resp. decrease) the supply
of goods to the market.

1.5. A system of nonlinear, ordinary differential
equations

The eqs. (1), (2) and (4) to (7) combine and simplify to
a (2n + 1)-dimensional “classical macrodynamic” system
of nonlinear, ordinary differential equations in prices, p(t),
quantities, q(t), and workers’ savings, mw(t) with 3n+ 3
initial conditions (p(0), q(0), s(0), mw(0), w(0), r(0)),
2n + 2 elasticity parameters (η = [ηi], ηw, ηc), a given
stock of money M and available labour force L.

Systems of nonlinear differential equations yield closed
form solutions only in special cases. So we use nu-
merical methods to solve them. For more details,
and to explore this model with an interactive sim-
ulator, see https://sites.google.com/site/
ianwrightoxford/research/2016-thesis.
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2. An example of classical gravitation
The classical macrodynamics are rich and varied. To give
some idea we’ll briefly examine a small, 3-sector economy,
and focus on the trajectories of prices, quantities and the
wage rate (and ignore other issues, such as employment
and the distribution of income).

Consider an economy that produces corn, iron and sugar,
with parameters

A =

 0.02 0 0.01
0.2 0.5 0
0 0 0.1

 ,

l = [0.7, 0.6, 0.3], w = [0.6, 0, 0.2] (workers consume
corn and sugar but not iron), c = [0.2, 0, 0.4] (capitalists
proportionally consume more sugar than corn compared
to workers), p(0) = [1, 5, 0.5], q(0) = [0.1, 0.1, 0.1],
s(0) = [0.1, 0.1, 0.1], w(0) = 0.5, r(0) = 0.03, mw(0) =
mc(0) = 0.5 (worker and capitalist savings are initially
equal and the total money stock in the economy isM = 1),
αw = 0.8 and αc = 0.7 (workers have a higher propensity
to consume), L = 1, the price elasticities are η1 = η2 =
η3 = 2, the quantity elasticities are η4 = η5 = η6 = 1, the
wage is relatively inelastic, ηw = 0.25.

Numerical simulations demonstrate that the macrodynamic
system is locally asymptotically stable. These specific pa-
rameters instantiate an economy that follows a growth tra-
jectory until it reaches a steady-state equilibrium where
supply equals demand and prices, quantities and the dis-
tribution of income are constant over time. There is a limit
to the profitable expansion of output before full employ-
ment is reached (a Keynesian result). See Figure 1 for a
description of the trajectories.

In equilibrium, the industrial profit rate is uniformly zero
(see Figure 1(c)). Industrial profit, in a fully competitive
system, is a disequilibrium phenomenon. Profit attracts
(and repels) capital investment. But the scramble for profit
has the unintended consequence of reducing imbalances
between supply and demand, which ultimately causes prof-
its to fall. Market prices (that indicate scarcity) are transient
phenomena that quickly dissipate as production is reorgan-
ised to meet final demand – they affect the trajectory toward
equilibrium but not the equilibrium itself.

3. The law of value
The law of value is a theory of the coordination of social
labour time via out-of-equilibrium mismatches between
supply and demand, such that market prices gravitate to-
wards natural prices proportional to labour-values.

Smith, Ricardo and Marx all restrict the applicability of the
law of value in various ways. Smith ([1776] 1994, Ch. 6)

restricts the law to pre-civilised times (the beaver and deer
example, where capitalist profit does not exist). Ricardo
notes that income distribution is a “less powerful cause”
Ricardo (2005, p. 404) of natural prices and proposed what
has become known as the “93% labour theory of value”.
Marx ([1894] 1971, p. 158) claims that the law applies but
empirically manifests in a distorted form due to capitalist
property relations.

Marx seeks to establish two claims: first, a causal claim
that, in appropriate conditions, natural prices are deter-
mined, and therefore explained, by labour time; and, sec-
ond, the ‘semantic’ claim that “labour is the substance,
and the immanent measure of value” (Marx, [1867] 1954,
p. 503) in the sense that monetary phenomena refer to, ex-
press, or measure labour time in virtue of a lawful, one-to-
one (i.e. conservative) relation that obtains between them.

Marx defines the labour value of a commodity as the di-
rect labour supplied plus the labour value of means of pro-
duction (that get transferred to the output). In this model,
labour values, v, are the solution of v = l + vA (where l
is direct labour supplied and vA is the labour value of the
means of production).

Figure 2 plots the trajectory of market prices divided by
their labour values during convergence to equilibrium (for
the same 3-sector economy). In Figure 2(a) we set the in-
terest rate to zero (eliminating capitalist profit in equilib-
rium). In this case, market prices gravitate to natural prices
proportional to labour values (Smith’s example). So both
the causal and semantic claims are satisfied.

Figure 2(b) plots the general case. Market prices converge
toward labour values but systematically deviate from them,
even in equilibrium. So neither the causal or semantic
claims are satisfied. Marx, in Volume 3, proposed that natu-
ral prices are transformed labour values but nonetheless are
conservatively related in the aggregate. Marx’s proposal
was immediately controversial and initiated a long and on-
going controversy over the “transformation problem”.
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(a) Prices. The price of corn and sugar initially rises
(due to relative scarcity) then falls (as output adjusts).
The price of iron mainly falls (since it’s over produced
during gravitation). Prices stabilise to their ‘prices of
production’ or natural prices at t ≈ 10.

(b) Quantities. The scale of production increases in
all sectors (since all sectors are initially profit making),
with some overshoot in the sugar sector. Quantities
stabilise at t ≈ 10.

(c) Profits. All sectors are initially but differentially
profitable. Capitalists increase the scale of production.
Profits fall as supply starts to meet demand. At t ≈ 5
the iron and sugar sectors are loss making. So capital
withdraws and their production decreases. At t ≈ 10
industrial profits are uniformly zero across all sectors.

(d) Wage rate. The economy grows and employs
more of the available labour force. The labour mar-
ket tightens and wages rise. At t ≈ 10 the economy
reaches a steady state equilibrium and the wage sta-
bilises at w ≈ 0.85.

Figure 1. Classical gravitation in a 3-sector economy. Sectors: corn (black), iron (dashed), sugar (dots).

(a) Adam Smith’s law of value. We set r(0) = 0 to
remove interest income. In these circumstances, prices
divided by labour values approach and equal the equi-
librium wage rate.

(b) Marx’s law of value. In general, however, prices
divided by labour values get close to, but do not con-
verge to, the equilibrium wage rate (distortion due to
capitalist profit).

Figure 2. The law of value. In the absence of “profits on stock” the economy gravitates towards prices proportional to labour values. In
general, however, natural prices systematically deviate from labour values.


